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Abstract: In this work, by utilizing the modified PLK
(Poincare-Lighthill-Kou) method, we studied the propa-
gation of weakly nonlinear waves in a shallow water
theory and obtained the Korteweg-deVries (KdV) and the
linearized KdV equations with non-homogeneous term
as the governing equations of various order terms in the
perturbation expansion. The result obtained here is ex-
actly the same with that of Kodama and Taniuti [6], who
employed the so-called “re-normalization method”. Seek-
ing a progressive wave solution to these evolution equa-
tions we obtained the speed correction terms so as to
remove some possible secularities. The result obtained
here is consistent with the results of Demiray [12], where-
in the modified reductive perturbation method had been
utilized.
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1 Introduction
The studies of nonlinear waves of various fields in phys-
ics and engineering, by use of the reductive perturba-
tion method in the long-wave approximation, lead to the
Korteweg-deVries equation as the evolution equation [1,
2]. The study of the higher order terms in the perturbation
expansion by use of the reductive perturbation method
leads to some secularities [3, 4]. To remove such secular-
ities Sugimoto and Kakutani [5] introduced additional
slow variables both in space and time in reductive per-
turbation theory, but their result was not supported by
other methods. Kodama and Taniuti [6] presented the re-
normalization procedure of the velocity of the KdV soli-
ton. As stated in [6], the lowest order term in the pertur-
bation expansion is governed by the conventional KdV
equation whereas the higher order terms are governed









¼ Snðu1; u2; . . . ; un1Þ; ð1Þ
where ξ and τ are slow variables in reductive perturba-
tion method, u1; u2; . . . ; un are the coefficient functions
of the perturbation expansion and Snðu1; u2; . . . ; un1Þ is
the non-homogeneous term. It is a well-known result
that if u1 is the solution of the conventional KdV equation









If the non-homogeneous term Sn contains a term propor-
tional to u1; ξ , the particular solution of Eq. (1) will have a
secular part, which contradicts the assumption of uni-
form convergence of perturbation expansion. In order to
remove such a secularity, roughly speaking, Kodama
and Taniuti [6] added both sides of the Eq. (1) a term pro-
portional to u1; ξ and determined the proportionality coef-
ficient so as to remove the secularity in the particular in-
tegral. They called this method as “the re-normalization
method”. This approach had been criticized by several
scientists [7, 8, 9] who found this approach somewhat
artificial.
In this work, utilizing the modified PLK method
[10, 11], which is based on expanding the independent
stretched coordinate as well as the dependent variables
into a perturbation series, we studied the propagation of
weakly nonlinear waves in a shallow water theory and
obtained the KdV (nonlinear) and the linearized (degen-
erate) KdV equations with non-homogeneous term as the
governing equations of various order terms in the pertur-
bation expansion. The result obtained here is exactly the
same as that of Kodama and Taniuti [6], who employed
the so-called “re-normalization method”, which is quite
heuristic. By seeking a progressive wave solution to these
evolution equations we determined the speed correction
terms so as to remove possible secularities that occur in
the solution. The result obtained here is consistent with
the results of Demiray [12], in which the modified reduc-
tive perturbation method had been utilized.
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2 Modified PLK formalism for
shallow water waves
We consider two dimensional incompressible inviscid
fluid in a constant gravitational field g acting in the neg-
ative z -direction. The space coordinates are denoted by
ðx; z Þ and the corresponding velocity components by

































þ g ¼ 0; ð5Þ
where t  is the time parameter, ρ is the mass density and
P  is the fluid pressure function. Assuming that the flow
is ir-rotational, the velocity components can be expressed















and the Euler equation reads














þ gz  ¼ 0; ð8Þ
where P 0 is the atmospheric pressure.
We consider the case of fluid of height h0, bounded
above by a steady atmospheric pressure P 0 . Let the upper
surface be described by z  ¼ ηðx; t Þ. The kinematical











; on z  ¼ η: ð9Þ
From the equation (8), the dynamical boundary condition












þ gη ¼ 0; on z  ¼ η:
ð10Þ
Finally, the lower boundary is supposed to be rigid hori-
zontal plane. Therefore, at z  ¼ h0, the normal compo-
nent of the velocity must vanish, i.e.,
∂ϕ
∂z 
¼ 0; at z  ¼ h0: ð11Þ
At this stage it is convenient to introduce the following
non-dimensional quantities:
x ¼ h0x; z  ¼ h0z; t  ¼ h0c0 t;
ϕ ¼ c0h0ϕ̂; η ¼ h0η̂; P  ¼ ρc20p;
P 0 ¼ ρc20p0; c0 ¼ ðgh0Þ1=2: ð12Þ
Introducing (12) into Eqs. (7)–(11) the following non-



























5þ η̂ ¼ 0; at z ¼ η̂; ð15Þ
∂ϕ̂
∂z
¼ 0; at z ¼ 1: ð16Þ
Now, we shall consider the propagation of nonlinear
waves in shallow water approximation to the above equa-
tions by applying the modified PLK method. According to
this method the following slow variables in power series
form is introduced:
1=2ðx  tÞ ¼ ξ þ
Xy
n¼1
nPnðτÞ; τ ¼ 3=2t; ð17Þ
where  is a small parameter characterizing the small-
ness of certain physical entities and PnðτÞ are some un-
known functions to be determined from the solution.
For our future purposes, we introduce the following new
variables:
ϕ̂ ¼ 1=2ϕ; η̂ ¼ η: ð18Þ
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þ η ¼ 0; at z ¼ η; ð21Þ
∂ϕ
∂z
¼ 0; at z ¼ 1: ð22Þ
Now, we expand the functions ϕ and η into a suitable
power series in the parameter  as:
ϕ ¼ ϕ0 þ ϕ1 þ 2ϕ2 þ    ;
η ¼ η0 þ η1 þ 2η2 þ    : ð23Þ
Introducing the expansion (23) into the Eqs. (19)–(22) and
setting the coefficients of like powers of  equal to zero,





and the boundary conditions
∂ϕ0
∂z





















and the boundary conditions
∂ϕ1
∂z






























and the boundary conditions
∂ϕ2
∂z


















































and the boundary conditions:
∂ϕ3
∂z

















































































þ η3 ¼ 0: ð31Þ
2.1 Solution of the field equations
From the solution of the sets (24) and (25) one obtains




where φ0ðξ ; τÞ is an unknown function of its argument
whose evolution equation will be obtained later.
Introducing Eq. (32) into Eqs. (26) and (27), the solu-
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where φ1ðξ ; τÞ is another unknown function to be deter-
mined from the higher order perturbation expansion.
Introducing Eqs. (32) and (33) into Eqs. (28) and (29),
































where φ2ðξ ; τÞ is another unknown function whose evolu-
tion equation will be obtained from the higher order per-
turbation expansion. The use of the second boundary














Noting the relation ∂φ0=∂ξ ¼ η0, Eq. (35) reduces to the













To obtain the solution for Oð3Þ equations we intro-

















and the boundary conditions
∂φ3
∂z




























The solution of (37) after the use of the first boundary

















ðz 2 þ 2zÞ þ φ3ðξ ; τÞ; ð39Þ
where φ3ðξ ; τÞ is another unknown function to be deter-
mined from the higher order perturbation expansion. Em-
ploying the last boundary condition in (38) the following











































Eqs. (40) and (41) are the same as those proposed by
Kodama and Taniuti [6], who named it as the “re-
normalization” method. Here we note that the zeroth
order solution in the perturbation expansion plays the
role a source to generate the first order solution.
2.2 Solitary waves
In this sub-section we shall study the localized travelling
wave solution to the evolution equations (36) and (40).
For that purpose we introduce
ηi ¼ ηiðζ ; τÞ; ζ ¼ αðξ  ctÞ; ði ¼ 0; 1Þ; ð42Þ
where the constants α and c are to be determined from
the solution.
Introducing Eq. (42) for i ¼ 0 into the evolution equa-









η 0000 ¼ 0; ð43Þ
where the prime denotes the differentiation of the cor-
responding quantity with respect to ζ . Integrating Eq.
(43) with respect to ζ and utilizing the localization condi-
tion, i.e., η0 and its various order derivatives vanish as







η 000 ¼ 0: ð44Þ
Eq. (44) admits the solitary wave solution of the form
η0 ¼ a sech2 ζ ; ð45Þ
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where a is the amplitude of the solitary wave. Inserting
Eq. (45) into (44) and setting the coefficients of various




; c ¼ a
2
: ð46Þ
For the solution of the evolution equation (40), intro-
ducing Eq. (42) for i ¼ 1 into Eqs. (40) and (41), integrat-
ing the result with respect to ζ and utilizing the localiza-


























Noting the following relations:
η 000 ¼ 4η0 
6
a






























Since η 00 is one of the fundamental solutions of the ho-
mogeneous equation in (49), the first term on the right
hand side causes to secularity in the solution of η1. In






























Thus, in terms of real physical quantities, the total solu-
tion up to Oð2Þ may be given by
η ¼ a sech2 ζ þ a2 1
2



















This solution is exactly the same with those of obtained
by Demiray [12] who employed the modified reductive
perturbation method. The contribution of higher order
terms to the solitary wave solution may be obtained in
a like manner, but the calculations become rather in-
volved. Here it is to be noted that as we add more terms
in the perturbation expansion the expressions of ξ and ζ
will be changed.
3 Conclusion
Employing the modified PLK method, the propagation
of weakly nonlinear waves in a shallow water is studied
and a set of KdV equations are obtained as the evolu-
tion equations. These evolution equations are exactly
the same with those of proposed by Kodama and Ta-
niuti [6], in which they employed the so-called “re-
normalization method”, which was introduce in an ad
hoch manner. In this work we proved the validity of re-
normalization method through the use of modified PLK
method. By seeking a progressive wave solution to these
evolution equations the speed correction terms are ob-
tained so as to remove possible secularities in the solu-
tion. It is observed that the lowest order wave speed
corresponds to the wave speed found in conventional
reductive perturbation method, whereas the higher order
terms in the perturbation expansion lead to the speed
correction terms. Finally, we should point out that the
present result is consistent with the results of Demiray
[12], in which the modified reductive perturbation method
was utilized.
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